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From a point distribution to a power spectrum

Overdensity-field:

δ(x) =
ρ(x)− ρ

ρ

Two-point function:

ξ(r)
homogeneity

= 〈δ(x + r)δ(x)〉

{ isotropy
= ξ(r)

anisotropy
= ξ`(r) =

∫ 1
−1 dµ ξ(r , µ)L`(µ)

...and in Fourier-space:

P`(k) = 4π(−i)`
∫

r2drξ`(r)j`(kr)
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From a point distribution to a bispectrum

Overdensity-field:

δ(x) =
ρ(x)− ρ

ρ

Three-point function:

ξ(r1, r2)

homogeneity

= 〈δ(x + r1)δ(x + r2)δ(x)〉

{ isotropy
= ξL(r1, r2)

anisotropy→ ξ`1`2L(r1, r2)

...and in Fourier-space:

B`1`2L(k1, k2) = (4π)2(−i)`1+`2

∫
r2
1 dr1

∫
r2
2 dr2ξ`1`2L(r1, r2)j`1(k1r1)j`2(k2r2)
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Why the bispectrum?

Sugiyama et al. (2018)
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Why the bispectrum? (preliminary)

Sugiyama et al. (in prep.)
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Decomposition formalism

We propose to decompose the Bispectrum in spherical harmonics in k̂1, k̂2
and the los n̂:

B`1`2L(k1, k2) = H`1`2L

∑
m1m2M

(
`1 `2 L
m1 m2 M

)
Bm1m2M
`1`2L

(k1, k2).

with
H`1`2L =

(
`1 `2 L
0 0 0

)
The summation over the azimuthal angles is possible because of
isotropy and any non-zero multipole has to follow the relation
`1 + `2 + L = even.
These bispectrum multipoles contain all physical information under the
three statistical assumptions: homogeneity, isotropy, and
parity-symmetry of the Universe.
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First measurement of the anisotropic bispectrum

Sugiyama et al. (2018)
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Why using this formalism (comparison to Scoccimarro 2015)

Scoccimarro (2015) decomposes in k̂1:

B`m(k1, k2, k3) =
2`+ 1
NT

123

3∏
i=1

∫
ki

d3qiδD(q123)δ`(q1)δ0(q2)δ0(q3)

Our decomposition allows for a self consistent inclusion of the window
function.
The decomposition in two k vectors is more practical because of the
closed triangle condition. There is no need to enforce this condition
after the bispectrum estimation.
The RSD information is clearly separated into the L multipoles.
The complexity of our estimator is O((2`1 + 1)N2

bN logN) compared
to O(N3

bN logN) in Scoccimarro 2015 (however, the closed triangle
condition reduces Roman’s estimator complexity effectively to
O(N2

bN logN)).
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Accounting for the survey window

1 Henkel transform the bispectrum (into three-point function)
2 multiply with the window function
3 Henkel transform back into FT space

Sugiyama et al. (2018)

Florian Beutler A new decomposition formalism for the bispectrumIn collaboration with Naonori Sugiyama, Shun Saito & Hee-Jong Seo 10



Accounting for the survey window

Step 1 & step 3: The Hankel transform for the bispectrum - three point
function is given by

B`1`2L(k1, k2) = (−i)`1+`2(4π)2
∫

dr1r
2
1

∫
dr2r

2
2

× j`1(k1r1)j`2(k2r2)ζ`1`2L(r1, r2)

ζ`1`2L(r1, r2) = i `1+`2

∫
dk1k

2
1

2π2

∫
dk2k

2
2

2π2

× j`1(r1k1)j`2(r2k2)B`1`2L(k1, k2),
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One more motivation → BAO reconstruction

Smooth the density field to filter out high k non-linearities.

δ′(~k)→ e−
k2R2

4 δ(~k)

Solve the Poisson eq. to obtain the gravitational potential

∇2φ = δ

The displacement (vector) field is given
by

Ψ = ∇φ

Now we calculate the displaced density
field by shifting the original particles.

Eisenstein et al. (2007), Padmanabhan et al. (2012)
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BOSS & BAO
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Beutler et al. (2017)
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Where does the information come from?

Schmittfull et al. (2015)
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BAO in the bispectrum (preliminary)

Sugiyama et al. (in prep.)
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Appendix: Accounting for the survey window

We can estimate the survey window very similar to the bispectrum
estimator

Q`1`2L(r1, r2) = H`1`2L

∑
m1m2M

(
`1 `2 L
m1 m2 M

)
× N`1`2L

I

∫
d2r̂1
4π

ym1∗
`1

(r̂1)

∫
d2r̂2
4π

ym2∗
`2

(r̂2)

×
∫

d3x1

∫
d3x2

∫
d3x3

× δD (~r1 − ~x13) δD (~r2 − ~x23)

× yM∗L (x̂3) n̄(~x1) n̄(~x2) n̄(~x3).
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Appendix: Accounting for the survey window

Step 2: Multiply the three-point function with the survey window〈
ζ̂`1`2L(r1, r2)

〉
= N`1`2L

∑
`′1+`′2+L′=even

∑
`′′1+`′′2+L′′=even

×
{

`′′1 `′′2 L′′

`′1 `′2 L′

`1 `2 L

}[
H`1`2LH`1`′1`

′′
1
H`2`′2`

′′
2
HLL′L′′

H`′1`
′
2L

′H`′′1 `
′′
2L

′′

]
× Q`′′1 `

′′
2L

′′(r1, r2) ζ`′1`′2L′(r1, r2)

− Q`1`2L(r1, r2) ζ̄,
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Appendix: The estimator in detail

The estimator is based on the spherical harmonics expansion proposed in
Sugiyama et al. (2017), Hand et al. (2017)

B̂`1`2L(k1, k2) = H`1`2L

∑
m1m2M

(
`1 `2 L
m1 m2 M

)
× N`1`2L

I

∫
d2k̂1

4π
ym1∗
`1

(k̂1)

∫
d2k̂2

4π
ym2∗
`2

(k̂2)

×
∫

d3k3

(2π)3 (2π)3δD

(
~k1 + ~k2 + ~k3

)
× δn(~k1) δn(~k2) δnML (~k3)

were yM∗L -weighted density fluctuation

δnML (~x) ≡ yM∗L (x̂) δn(~x)

δnML (~k) =

∫
d3xe−i~k·~xδnML (~x)

and ym` =
√

4π/(2`+ 1)Ym
` .
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Appendix: It also works for the three-point function

We can apply the same formalism to the three-point function

ζ`1`2L(r1, r2) = H`1`2L

∑
m1m2M

(
`1 `2 L
m1 m2 M

)
ζm1m2M
`1`2L

(r1, r2).
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Appendix: Signal to Noise, Recovering the Gaussian
information level
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Appendix: Relation to other decompositions

Transformation between Scoccimarro (2015) and our decomposition

B`1`2L(k1, k2) =
N`1`2LH`1`2L√
(4π)(2L + 1)

∫
d cos θ12

2

×

[∑
M

(
`1 `2 L
0 −M M

)
y−M∗`2

(cos θ12, π/2)

]
× BLM(k1, k2, θ12)

Transformation between Slepian & Eisenstein (2017) and our
decomposition:

B`1`2L(k1, k2) = N`1`2LH`1`2L

∑
m

(−1)m
(
`1 `2 L
m −m 0

)
×

√
(`1 − |m|)!

(`1 + |m|)!

√
(`2 − |m|)!

(`2 + |m|)!

×
∫

d cos θ1dϕ12

4π

∫
d cos θ2

2

× cos(mϕ12)L|m|`1
(cos θ1)L|m|`2

(cos θ2)× B(k1, k2, θ1, θ2, ϕ12)
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